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The approximately symmetric form of the PMNS matrix suggests that there could exist a hidden symmetry
which makes the PMNS matrix different from the CKM matrix for quarks. In literature, all the proposed fully
symmetric textures exhibit an explicit µ − τ symmetry in addition to other symmetries which may be different
for various textures. Observing obvious deviations of the practical PMNS matrix elements from those in the
symmetric textures, there must be a mechanism to distort the symmetry. It might be due to existence of light
sterile neutrinos. As an example we study the case of the Tribimaximal texture and propose that its apparent
symmetry disappears due to existence of a sterile neutrino.
PACS numbers: 14.60.Pq, 14.60.Lm, 14.60.St
Numerous experiments which are carried out in past sev-
eral decades make the behaviors of neutrinos understandable.
As is commonly accepted, mixing among different flavors of
leptons are due to the mismatch between the mass eigenstates
and flavor eigenstates, it is the same as the quark case, but
different in structures. To bring the weak interaction eigen-
states (flavor) to the physical ones (mass), the Pontecorvo-
Maki-Nakawaga-Sakata (PMNS) matrix[1, 2] should be in-
troduced. If there are only three active neutrinos the mixing
matrix is written as
V =

V11 V12 V13
V21 V22 V23
V31 V32 V33
 . (1)
Generally there are four independent parameters, namely
three mixing angles and one CP-phase. There are various
schemes to parameterize the matrix in literature. For exam-
ple, the Chau-Keung(CK) parametrization [3] is
V =

c12c13 s12c13 s13
−c12s23 s13eiδ − s12c23 −s12 s23s13eiδ + c12c23 s23c13
−c12s23 s13eiδ + s12s23 −s12 s23s13eiδ − c12s23 c23c13
 ,
(2)
where s jk and c jk denote sin θ jk and cos θ jk with j, k = 1, 2, 3.
The measured values of the PMNS matrix exhibit an ap-
proximately symmetric form which may hint that the practi-
cal matrix originates from a high symmetry, but is distorted
by some mechanisms. Indeed, one of the physics achieve-
ments of the 20th century convinces us that symmetry and
symmetry breaking compose the main picture of the nature,
so one may reasonably expect that an underlying symmetry
determines the mixing matrix of leptons which later is dis-
torted somehow. Lam has shown this possibility in terms of
the group theory[4] where the CKM and PMNS matrices are
separately resulted via different routes to break the large sym-
metry. In Lam’s scheme, the resultant PMNS still possesses
an obvious symmetry with θ13 strictly being zero, therefore
to reach the practical PMNS a further symmetry breaking is
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needed. It is natural to ask if one can provide a reasonable
mechanism to explain the distortion.
Meanwhile some phenomenological symmetries are ob-
served, such as the quark-lepton complementarity and self-
complementarity[5–11], µ − τ symmetry[15]. But all those
symmetries are only approximate, so it also implies that there
should be some mechanisms to result in their deviations from
exact symmetric forms.
The high-precision measurements [16–19] determines
θ12 ≈ 34◦ and θ23 ≈ 45◦ and a small, but non-zero θ13.
The values could be traced to a mixing pattern with high
symmetries i.e. for example the tribimaximal (TB) mixing
pattern[12–15] which is one of the possible symmetric tex-
tures
VT B =

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
. (3)
which means that θ12 = 35.26◦, θ23 = 45◦ and θ13 = 0◦ in the
adopted parametrization. In this scenario the µ − τ symmetry
holds and in the mass eigenstate ν2, νe, νµ and ντ have the
same probability.
However the measurements of the accelerator and reac-
tor neutrino oscillation experiments[20–24] determine θ12 =
(33.65+1.11−1.00)◦, θ23 = (38.41+1.40−1.21)◦ and θ13 = (8.93+0.46−0.48)◦. It is
noted that the values are set based on the scenario for three
generations of neutrinos. Apparently the TB mixing patterns
decline from the data. One may ask whether the symmetries
in the TB mixing patterns should be abandoned? Even though
it is too early to make a definite conclusion yet, there exists a
possibility that those symmetries still hold, whereas the matrix
might be distorted from the symmetric form by new physics.
Recently, the anomalies of short-baseline neutrino
experiments[25–27] hint that there may exist light sterile neu-
trinos which mix with the active ones. Moreover Schechter
and Valle [28, 29] also discussed the (n,m) model which
suggested importance of getting sterile neutrino involved. If
this picture indeed works, the existence of sterile neutrinos
would play a role to make the mixing matrix being in the
superficial form where the original symmetries are just
hidden somehow or slightly broken. In our earlier work
2[30], we proposed that the quark-lepton complementarity and
self-complementarity[5–11] still hold and involvement of the
sterile neutrino(s) distorts them to be approximate. Along the
same line, one may ask if the symmetries in the TB mixing
patterns are distorted by existence of sterile neutrinos. In
other words, when PMNS is extended to a n × n matrix, the
symmetries in TB mixing patterns are exact or just slightly
broken, but in the left-upper 3 × 3 block of the generalized
PMNS matrix which corresponds to the experimentally
observed values, the symmetries are no longer exhibited at
all. In an explicit statement, the symmetries which are shown
in the original 3 × 3 texture, still hold or slightly broken, but
as mixing between the sterile and active neutrinos exists, the
apparent symmetric form is lost.
In this letter we use this picture to study the neutrino mixing
matrix i.e. supposing that the symmetries in the tribimaximal
(TB) mixing patterns are exact or nearly exact, but a mixing
among active neutrinos and sterile neutrinos causes the differ-
ence between the TB mixing matrix and data.
Here, we only consider the simplest scheme where three
active neutrinos plus one sterile neutrino are involved, namely
the (3+1) scheme and show that it indeed works.
As a (or a few) light sterile neutrino joins the game, the
neutrino mass matrix would turn into a 4×4 form. If charged-
lepton mass matrix is still diagonal [31], a real neutrino mass
matrix which may possess certain symmetries and manifest in
special textures as suggested by some authors, is written as
V4×4 =

A B C D
B E F G
C F H I
D G I J

, (4)
can be diagonalized by a 4 × 4 PMNS-like unitary matrix[32,
33]
V4×4 =

c12c13 s12c13 s13 0
−s12c23 − c12c23s13 c12c23 − s12 s23 s13 c13s23 0
s12 s23 − c12c23s13 −c12s23 − s12c23s13 c23c13 0
0 0 0 1


cosα 0 0 sinα
0 1 0 0
0 0 1 0
−sinα 0 0 cosα


1 0 0 0
0 cosβ 0 sinβ
0 0 1 0
0 −sinβ 0 cosβ


1 0 0 0
0 1 0 0
0 0 cosγ sinγ
0 0 −sinγ cosγ

.
(5)
For convenience of later discussions we still set θ13 = 0◦ and
keep θ12 and θ23 in the expression. In the expression the first
matrix is the original PMNS matrix and the successive three
matrices correspond to the mixing of the sterile neutrino with
the three active flavors respectively. For this case one can find
|V13| = |sγ(cβsαc12+ sβs12)|. We first constrain ourselves to the
simplest setting α = β = γ. By the same procedures as done
in Ref.[30] we fix α = β = γ = 18.001◦ and now the 4 × 4
matrix reads
|V4×4| =

0.776531 0.471115 0.12969 0.397912
0.388265 0.588078 0.654438 0.274091
0.388265 0.588078 0.690553 0.162945
0.309031 0.293904 0.279518 0.860226

. (6)
Comparing with the experimentally determined 3×3 PMNS
matrix VPMNS Ref.[5]
|VPMNS | =

0.822+0.010−0.011 0.547+0.016−0.015 0.155
+0.008
−0.008
0.451+0.014−0.014 0.648+0.012−0.014 0.614+0.019−0.017
0.347+0.016−0.014 0.529+0.015−0.014 0.774+0.013−0.015
 , (7)
the left-upper 3 × 3 block of the V4×4 matrix is nearly con-
sistent with that form and |V13| is no longer zero. By fitting
data, we only fit matrix elements V11, V12, V13, V23 and V33
which are free of CP phase. Because so far the CP phase has
not been experimentally determined and no even any hint is
available, we cannot expect to extract information on δ from
data. In our previous work, by the χ2 analysis, we find that
the CP phase δ is within a region close to zero, but all of the
theoretical predictions are waiting for probes of future more
precise experiments. Therefore in this work, the derived mix-
ing matrix is real.
The obtained matrix elements are close to the data, but still
not fully satisfactory yet. If slightly breaking the µ − τ sym-
metry, the situation would be further improved. Concretely,
we introduce a small variation ǫ to θ23, i.e. let the original
θ23 slightly deviate from 45◦. Obviously, ǫ should be de-
termined by fitting data. Thus, one further fix the values as
θ23 = 39.3999◦ and α = β = γ = 17.777◦,
|V4×4| =

0.777551 0.473604 0.126298 0.393906
0.424789 0.642425 0.585201 0.25374
0.348925 0.527692 0.751624 0.186692
0.305319 0.29074 0.276858 0.863481

. (8)
It is noted that using the mechanism of involving a sterile neu-
trino and a slight µ−τ symmetry breaking, the data can be well
explained. The scheme is equivalent to refitting the data with
two independent parameters instead of one as done above. It
is noted that in this scheme the transformation matrix remains
unitary. It is also natural to expect that the symmetry breaking
degree could be at order of O( mµ
mτ
), concretely, as we refit the
data to obtain ǫ, it is ǫ ∼ (sin 45◦ − sin 39.3999◦)/ sin 45◦ ≈
2(mµ/mτ), which indeed is at the expected order.
In fact as the µ − τ symmetry is lifted, the constraint α =
β = γ is no longer valid and one will obtain a new |V4×4|
|V4×4| =

0.792861 0.501251 0.134394 0.319482
0.431412 0.633394 0.561101 0.312829
0.357905 0.525473 0.732239 0.244147
0.239079 0.267277 0.36186 0.860501

, (9)
3in the new setting, we have θ23 = 39.680◦, α = 13.823◦, β =
15.977◦, and γ = 22.808◦.
Alternatively one may choose another scheme, that he
keeps θ23 = 45◦, θ13 = 0◦ and lets the original θ12 slightly
deviate from 35.26◦. In that scheme, the best fitting values
are α = 5.126◦, β = 27.748◦, γ = 23.220◦ and θ12 = 37.370◦.
Namely, the value of α is smaller than that obtained in other
cases whereas β and γ are larger. The corresponding |V4×4|
matrix is
|V4×4| =

0.791554 0.504097 0.136193 0.31746
0.427469 0.51519 0.560057 0.488043
0.427469 0.51519 0.739606 0.0695213
0.0893532 0.463729 0.347522 0.810062

,
(10)
where the matrix elements V21 and V22 are still equal to V31
and V32 respectively.
In Ref.[34], the reactor antineutrino anomaly is studied
where |∆m41|2 > 1.5eV2 and sin2(2θ14) = 0.14 ± 0.08 are
obtained, the resultant mixing element sin2(2θ14) is a bit
lower than our estimation 0.22 ∼ 0.34. Our prediction on
V2
e4 = 0.102 ∼ 0.155 is also 3 ∼ 5 times larger than 0.024 ∼
0.033[35] determined by the data of short-baseline neutrino
oscillation, but consistent with the number of 0.15[36] ob-
tained by the data of Gallium radioactive source experiments
and 0.13[36] gained by fitting the data of the measurement on
νe+
12C →12 Ng.s.+e−. In Ref.[36] the authors indicate that the
large V2
e4 in the Neutrinoless ββ-decay is favored to guarantee
a low value of |∆m241| which are required by the cosmological
constraints [37, 38].
It is noted that the mixing angles between the active neu-
trinos and sterile neutrino are relatively large, so that in the
resultant upper-left 3 × 3 block in Eq.(6), Eq.(8), Eq.(9) or
Eq.(10) the unitarity is violated to some extent. Generally, in-
troducing a sterile neutrino which mixes with the active ones,
the new 4× 4 matrix is unitary and the upper 3× 3 sub-matrix
is no longer unitary. But the data seem to favor an almost
unitary 3× 3 matrix which corresponds to the direct measure-
ments. Comparing the results given in Refs.[39, 40] where
the authors studied the violation of the unitarity of the neu-
trino mixing matrix, our results manifest a larger violation be-
yond the constrains set in [39]. Since the errors of concerned
experiments which measure properties of neutrinos are still
large, our results, so far, do not drastically conflict with data,
i.e. are still tolerable. However, if the future experiments fur-
ther confirm the constraints with higher accuracy, our scheme
that one can distort the tribimaximal mixing pattern by intro-
ducing just one sterile neutrino should be abandoned. In fact,
there are lots of alternations to remedy the scheme, for exam-
ple, one may invoke a complex 3 (active neutrinos)+n (sterile
neutrinos) mixing scheme and/or choose other symmetrical
PMNS textures, the mixing angles between active neutrinos
sterile neutrinos could be very different, namely violation of
unitarity of the 3× 3 matrix may be alleviated and meanwhile
the data can still be realized.
As a brief conclusion, in this work we do not intend to
make a complete analysis based on the group theory as done
by many authors[41–43], instead we have carried out a phe-
nomenological study. Recently, many authors suggest that ex-
istence of light sterile neutrinos may lead to solutions for some
phenomenological problems where the theoretical predictions
deviate from experimental data. As indicated in the introduc-
tion, the practical PMNS matrix is obviously distorted from
the symmetrical form, therefore it is natural to conjecture if
introducing a sterile neutrino can make up the gap between
the proposed symmetric texture and the practical data.
Here as an example we discuss the case of the TB mixing
patterns. First, as only one light sterile neutrino is included,
the matrix VT B is extended to a V4×4. The mixing angles be-
tween the sterile neutrino with the active ones in the 4 × 4
extended PMNS matrix VPMNS are fixed by fitting data. The
results show that the element V13 is non-zero and close to the
newly measured value. Meanwhile the unitarity of the 3× 3 is
violated to an uncomfortable degree, but not too much beyond
the tolerable range yet. It is noted that in this work, we take
the tribimaxial texture as the subject, and employ the simplest
3+1 model to carry out the computation. We expect the future
experiments to verify or negate the simplest scheme, and then
we may turn to invoke more complicated cases, namely, if a
more complicated scheme and/or another symmetrical PMNS
texture (not the TB) are taken the results might be closer to
the real data and the unitarity of the 3 × 3 matrix should be
approximately retained.
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